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We study the dynamical generation of resonances in isospin singlet channels with mixing between
two- and four-quark states. To this end we generalise a Bethe-Salpeter approach to four-quark
states employed previously [1] to accommodate for mixing diagrams. The qq¯qq¯ and qq¯ components
of the Bethe-Salpeter wave function (with light quarks q ∈ {u, d}) are determined consistently in
a symmetry-preserving truncation of the underlying Dyson-Schwinger equations. As a prominent
example we deal with the isospin-singlet 0++ meson with light quark content. We find that the pipi
contribution of the four-quark component is mainly responsible for the low (real part of the) mass of
the resulting state. We also study the analytic structure in the complex momentum plane and find
a branch cut at the two-pion threshold and a singularity in the second Riemann sheet indicating
a considerable decay width. Our findings are in excellent qualitative agreement with the general
picture for the σ/f0(500) that emerged in the past two decades from dispersive approaches [2].
I. INTRODUCTION
There is perhaps no other state in the low-energy spec-
trum of QCD that has been puzzled over so intensely
over the past decades than the isoscalar-scalar meson,
the f0(500) or σ meson. It plays a very important role
in our understanding of chiral symmetry breaking, it is
one of the defining quantities in model building and, to-
gether with its flavor partners in the light scalar nonet,
it has properties that do not go easily together with a
conventional mesonic q¯q picture of its internal structure.
Once discarded from the particle data book, the light
scalar meson nonet has been reintroduced again at the
end of the past century. Only in the 2012 edition the
σ meson has been renamed f0(500) and accepted with
much smaller uncertainties in its mass and width as ever
before, mainly due to progress in the dispersive analysis
of experimental data, see [3–6] and Refs. therein. Many
aspects of this fascinating story together with a detailed
discussion on the theoretical background and the intri-
cacies of data analysis can be found in the review article
Ref. [2].
The notion that the multiplet of light scalar mesons
is incompatible with a conventional q¯q picture goes back
some way [7]: by assuming a dominant four-quark struc-
ture, interesting properties like inverted mass hierarchies
and decay patterns are naturally explained. This picture
is supported by effective theory studies and large-Nc ar-
guments (see e.g. [2, 8–13] and references therein) as
well as lattice calculations [14–17] and functional meth-
ods [1, 18].
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In principle, an experimentally observed state may be a
mixture of several states with different internal structure
but the same quantum numbers. Thus, it is by no means
clear whether the f0(500) is indeed a pure four-quark
state or has some overlap with the corresponding conven-
tional q¯q state. Note that a similar problem appears in
the heavy-quark sector, where several XYZ states are dis-
cussed to be dominated by four-quark components with
a heavy and a light quark-antiquark pair. However, at
least for the isospin-singlet cases like the χc1(3872), sub-
stantial admixtures of c¯c components seem possible [19].
In this work we address this question on the example
of the isospin-singlet 0++ meson with light quark con-
tent using the functional approach via Dyson-Schwinger
(DSE) and Bethe-Salpeter equations (BSE). In previous
work within this approach, the state in question has been
treated either as a conventional q¯q state using a range
of truncations for the quark-gluon interaction, or as a
pure four-body qq¯qq¯ state. Using the rainbow-ladder ap-
proach in the q¯q BSE, this state is found at a (real)
mass of the order of 650 MeV [20]. In various beyond
rainbow-ladder calculations with sophisticated interac-
tions its (real) mass is shifted to (much) larger values
beyond 1 GeV [21–23]. This does not support a large
quark-antiquark contribution to the f0(500). On the
other hand, the treatment of the lightest scalar meson
as a four-quark state, once in the four-body approach us-
ing a Faddeev-Yakubovsky equation [18] and once in a
reduced two-body approach [1] using internal meson and
diquark degrees of freedom, led to substantially smaller
masses around 400 MeV. Moreover, it turned out that the
latter two approaches both favoured a leading internal pipi
component in the state’s wave function, thus suggesting
the identification with the f0(500).
While these studies are already suggestive, they can be
improved in two respects. First, it needs to be studied
whether the picture of pipi dominance still persists when
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2the coupled system of Bethe-Salpeter equations for the
four-quark qq¯qq¯ and conventional q¯q states is considered.
Second, previous extractions of the σ mass in the four-
quark formalism focused on the real part only and were
not able to determine the width of the state in question.
We will address both problems in this work.
The paper is organised as follows: We first detail our
derivation of the coupled system of BSEs for a state with
four-quark qq¯qq¯ and two-quark q¯q components in section
II. To keep matters as simple as possible, we use the
two-body approximation of the four-body equation in-
troduced in [1]. In section III A we then detail our model
for the underlying quark-gluon interaction and discuss
briefly the corresponding DSE for the quark propagator.
Together, the resulting quark and the interaction provide
a self-consistent input into the various BSEs studied in
this work. In section III B we summarise an approach to
deal with the analytic structure generated by the two-
pion cut, developed in Ref. [24] and adapted here for the
case of the σ meson. Section IV is devoted to a discussion
of our results. In IV A we discuss our results for the cou-
pled system of four- and two-quark BSEs and study the
impact of mixing effects. In section IV B we then deter-
mine the decay width of the pure two-quark component.
We summarise and conclude in section V.
II. THE FUNCTIONAL APPROACH
A. The four-body Bethe-Salpeter equation
The equations of motion for n-quark bound states, the
Bethe-Salpeter equations (BSEs) are derived from the
(2n)-quark scattering matrix T (n) and the corresponding
scattering kernel K(n):
T (n) = K(n) +K(n)G
(n)
0 T
(n) . (1)
Here G
(n)
0 denotes the product of n dressed quark propa-
gators. By defining a bound-state amplitude (BSA) Γ(n),
which carries the Dirac, color and flavor structure of the
bound state in question, the T matrix at the physical pole
P 2 → −M2 of the bound state propagator D is given by
T (n)
P 2→−M2≈ ΓΓ¯
P 2 +M2
. (2)
Inserting this expression into Eq. (1) leads to the homo-
geneous on-shell n-quark BSE:
Γ(n) = K(n)G
(n)
0 Γ
(n) . (3)
In this paper we focus on 2-quark and 4-quark bound
states and we further denote Γ(2) ≡ Γ as a two-quark
BSA and Γ(4) ≡ Ψ as a four-quark BSA.
The complete scattering kernel K(4) occurring in the
four-body BSE,
Ψ = K(4) G
(4)
0 Ψ, (4)
K(4) = K˜(2) + K˜(3) + K˜(4) (5)
FIG. 1. Diagrammatic representation of the basic quantities
used in deriving the pure two-body/four-quark BSE. In the
first line we display the representation of the bound state (2)
together with its corresponding BSE (3). In the second line we
give the explicit decomposition of the interaction kernel K(4)
in terms of irreducible two-, three- and four-body interactions.
The red crosses indicate truncations, justified and explained
in the main text. The third line displays the reduction of
the four-body amplitude into a sum of two-body amplitudes
featuring internal mesons (dashed lines) and (anti-)diquarks
(double lines). One of the resulting effective two-body equa-
tions is given in the lowest line. The other two equations are
obtained under permutations in the index set {1, 2, 3}, thus
spanning the whole coupled system of two-body BSEs (for
equal quark masses Φ1 and Φ2 are identical).
can be decomposed in three contributions K˜(2,3,4) con-
taining irreducible two-, three- and four-quark interac-
tions [25]. In the following we adopt the strategy of
Ref. [1, 18] and neglect the latter two, i.e. we set
K˜(3) = K˜(4) = 0. The basic idea behind this approxi-
mation is the notion that the two-body interactions may
well dominate the state in question. This is motivated
by two considerations: first, the broad decay width of
the experimental f0(500) into two pions suggests a dom-
inance of internal two-body correlations. Conversely, if
strong quark-antiquark correlations inside the four-quark
state form a two-pion internal structure, its singularity
structure naturally has a strong effect on the BSE that
almost inevitably will dominate the equation and dwarf
contributions from K˜(3) and K˜(4). Second, a similar ap-
proximation has been applied with great success in the
baryon sector. There, strong two-body correlations natu-
rally lead to a diquark-quark picture, which in turn leads
to a spectrum in one-to-one agreement with experiment,
see e.g. [26, 27] and references therein. Moreover, for
baryons it can be shown explicitly that the leading part
of the irreducible three-body interaction (in terms of a
skeleton expansion) is small [28]. While all these argu-
ments are not strictly rigorous, they provide plausible
justification for neglecting the irreducible many-body in-
teractions K˜(3,4) also in the four-quark case. Practica-
3bility arguments complement these considerations.
The contribution K˜(2) containing all irreducible two-
body interactions inside the four-quark state contains
various incarnations of the two-body scattering kernel
K
(2)
ij between two quarks i and j:
K˜(2) = K
(2)
12 S
−1
3 S
−1
4 +K
(2)
34 S
−1
1 S
−1
2 −K(2)12 K(2)34︸ ︷︷ ︸
=:K˜
(2)
(12)(34)
+perm.
=
∑
a
K˜(2)a (6)
Explicit indices 1, 2, 3, 4 denote the four (anti-)quarks as
ingredients of the four-quark bound state and the sum-
mation over a picks up the three possible combinations
(12)(34), (13)(24), (14)(23) of two-body interactions.
B. The two-body Bethe-Salpeter equation
In order to be able to extract a two-body Bethe-
Salpeter equation for the four-quark qq¯qq¯ state, we
slightly reformulate the problem [1]. First, we define a
four-body T-matrix Ta that is generated by K˜
(2)
a :
Ta = K˜
(2)
a + K˜
(2)
a G
(4)
0 Ta = K˜
(2)
a + TaG
(4)
0 K˜
(2)
a . (7)
Furthermore, we note that the BSA, Eq. (4), can be split
into three separate parts by inserting Eq. (6)
Ψ =
∑
a
K˜(2)a G
(4)
0 Ψ :=
∑
a
Ψa . (8)
Acting with TaG
(4)
0 onto Ψ and using (7) one then obtains
Ψa = TaG
(4)
0 (Ψ−Ψa) =
∑
b 6=a
TaG
(4)
0 Ψb , (9)
which is still an exact four-body equation apart from ne-
glecting the kernels K˜(3) and K˜(4).
Since the T-matrices Ta contain effects from two-body
interactions in the same combination of (anti-)quark legs
only, they are prone to develop singularities in the re-
spective channels, with the quantum numbers of mesons
and (anti-)diquarks. The two-body approximation of the
four-body equation then amounts to replacing Ta with a
pole ansatz analogously to Eq. (2). Assuming that the
spin-momentum structure of the Bethe-Salpeter ampli-
tudes factorizes, the full amplitude Ψ can then be decom-
posed into meson-meson and diquark-antidiquark sub-
structures Φa. We thus obtain
Ψa = (Γ12 ⊗ Γ34) G(2,2)0 Φa (10)
for a = (12)(34) and similar expressions for the other
combinations. Here G
(2,2)
0 is a combination of two meson
propagators or a diquark and an antidiquark propaga-
tor, respectively, and Γij are the corresponding two-body
Bethe-Salpeter amplitudes. The representation Eq. (10)
is in some sense a ‘physical basis’ in that it builds a repre-
sentation of Ψa in terms of reduced internal Dirac, flavor
and color structure from a physical picture. The alge-
braic structure of the tetraquark-meson and tetraquark-
diquark vertices Φa depend on the respective quantum
numbers of the investigated four-quark state. For scalar
four-quark states and (pseudo)scalar ingredients, e.g.,
those amplitudes are flavor and color singlets and Lorentz
scalars.
With Eq. (10), we effectively solve for the vertices Φa
while making use of solutions of the two-quark BSE for
the amplitudes Γij . The interaction kernel elements for
the internal vertices Φa are quark exchange diagrams as
visualized in the last line of Fig. 1.
C. Inclusion of a two-quark component
We now extend the truncation for the four-body equa-
tion (9) by adding a phenomenologically motivated two-
quark component into the Bethe-Salpeter amplitude. For
a = (12)(34) in Eq. (10) this amounts to
Ψa = (Γ12 ⊗ Γ34)G(2,2)0 Φa+K(2)13 K(2)24 S34G(2)0 Γ∗12+perm.
(11)
where Γ∗12 is the Bethe-Salpeter amplitude of a quarko-
nium state with the same quantum numbers as the four-
body state connected to the propagator lines 1 and 2, and
the quark propagator S34 connects the lines 3 and 4. This
is equivalent to extending the physical basis discussed
above with another possible basis element. Note that
these extensions only appear in those Ψa with two-body
interactions between quark-antiquark pairs, i.e. meson-
meson contributions. They do not appear in the Ψa with
two-body interactions between quark-quark pairs, i.e. in
diquark/antidiquark contributions.
The corresponding two-quark T -matrix that contains
this quarkonium state is determined by (cf. Eq. (1) with
n = 2),
T (2) =
(
1−K(2)G(2)0
)−1
K(2) . (12)
The corresponding four-quark T -matrix that contains the
four-body component added in Eq. (11) is denoted by
T (4,2)a = K
(2)
13 K
(2)
24 S34G
(2)
0 T
(2)
12 G
(2)
0 S34K
(2)
24 K
(2)
13 (13)
As a result, the master equation (9) then contains
the two-body equation for Γ∗ as an additional element
and the equations for the four-body meson-meson and
diquark-antidiquark components of the full BSA are
modified by additional terms containing Γ∗. The re-
sulting system of equations is shown diagrammatically
in Fig. 2. In its derivation we have frequently used the
BSE
Γ(2) = K(2)G
(2)
0 Γ
(2) (14)
4FIG. 2. The coupled system of BSEs for one of the pipi con-
tributions (red; first line) and the diquark/antidiquark con-
tribution (blue; second line) to the four-quark state as well as
the coupled BSE for the quark-antiquark state (yellow; third
line) with the same quantum numbers. Not shown are the
additional BSE for the second pipi contribution φ2 (which is
redundant in our case) and another diagram for Γ∗ containing
φ2 instead of φ1.
for the internal meson and diquark states in order to
absorb two-body interaction kernels in the correspond-
ing Bethe-Salpeter amplitudes. We observe q¯q contribu-
tions in both BSEs for the meson-meson and diquark-
antidiquark components of the four-body amplitudes as
well as a back-coupling of the meson-meson and diquark-
antidiquark components into the q¯q equation.
We wish to emphasise that at the present state the
coupling between the four-quark state and the two-quark
state is introduced by hand. There is some formal mo-
tivation from the fact that the Dirac structure of the
new elements in Eq. (11) is part of the full basis of the
four-quark amplitude and thus constitutes an extension
of the physically motivated basis of meson and diquark
elements. Formally, however, one would probably need to
derive the putative coupling of four-quark and two-quark
BSEs from a framework such as the one given in Ref. [29].
This will be addressed in future work. Furthermore, it is
interesting to observe that we would have ended up with
equations of similar structure if we had used expressions
such as Γ∗12 S
−1
34 for the extension of Eq. (11) much along
the line of 3P0-models used frequently in the description
of meson and baryon decays [30]. Such disconnected con-
tributions have been considered already in Ref. [31] in
the context of the original four-body equation. A poten-
tial problem with disconnected contributions is that they
heavily restrict the momentum structure of the four-body
amplitude; this is avoided by our choice, Eq. (11).
III. TECHNICAL DETAILS
A. Quark propagator, mesons and diquarks
The elements necessary to solve the coupled system of
BSEs in Fig. 2 are dressed quark propagators, meson and
diquark Bethe-Salpeter amplitudes and the correspond-
ing propagators. All these ingredients are determined
consistently from an underlying quark-gluon interaction
that respects chiral symmetry. The technical details of
these types of calculations have been described in many
works, see e.g. [27, 28, 32] for reviews, thus we only give
a short summary here.
We begin by specifying the Dyson-Schwinger equation
for the dressed quark propagator,
S−1αβ (p) = Z2 (ip6 +m0)αβ + CF
∫
q
Kαα′β′β Sα′β′(q) ,
(15)
with wave-function renormalization constant Z2, bare
quark mass m0 and the Casimir CF = 4/3 for Nc = 3
from the color trace. In this form the equation is still
exact and the interaction kernel Kαα′β′β contains the
dressed gluon propagator as well as one bare and one
dressed quark-gluon vertex. The Greek subscripts re-
fer to color, flavor and Dirac structure. In previous
treatments of the four-quark problem [1, 18, 33, 34],
the rainbow-ladder approximation has been used and we
adopt the same interaction here. Then the kernel can be
written as
Kαα′ββ′ = Z22
4piα(k2)
k2
Tµνk γ
µ
αα′ γ
ν
ββ′ , (16)
with the transverse projector Tµνk = δ
µν − kµkν/k2. In
this formulation, both the gluon dressing function and
the vector part ∼ γµ of the quark-gluon vertex have been
absorbed into an effective running coupling α(k2) which
is taken from Ref. [35] and has been discussed in de-
tail e.g. in [27]. This truncation guarantees the correct
logarithmic behaviour of the quark at large momenta.
Most importantly in the present context, however, is that
it allows for the preservation of the axialvector Ward-
Takahashi identity by using the same interacion kernel
in the Bethe-Salpeter equations for the mesons and di-
quarks.
With the quark propagator from Eq. (15) and the
quark-(anti-)quark interaction kernel Eq. (16) we then
solve the Bethe-Salpeter equations for light pseudoscalar
mesons and scalar diquarks, which are the leading com-
ponents (in terms of smallest masses) of the two-body
composition of our scalar four-quark state. The explicit
representation of the BSA in terms of (four) Dirac, flavor
and color components as well as details on the technical
treatment of meson BSEs can be found in the review ar-
ticles [27, 28]. The meson/diquark propagators are then
calculated via T = ΓDΓ¯ and Eq. (1). We obtain the
following masses,
mpi = 0.138(2) GeV mdq,0+ = 0.801(31) GeV ,
5and the corresponding BSAs. We are working in the
isospin symmetric limit mu = md. Since the pseu-
doscalar meson and scalar diquark states are dominated
by their leading Dirac structure, we only take those into
account in BSAs appearing internally in diagrams. For
the external BSA in the two-body equation of the scalar
meson we use the full structure, i.e. all four amplitudes.
With this input, we are then in a position to solve
the system of coupled integral equations for the BSEs in
Fig. 2. Technically, this is done as an eigenvalue problem,
i.e. one introduces a general eigenvalue λ on the left-hand
side of the BSE and searches for the total momentum
P 2 = −M2 that corresponds to λ = 1. This is then the
mass of the bound state/resonance in the coupled four-
body/two-body system. One problem that appears in
this search is the appearance of singularities in the plane
of complex total momentum due to the internal meson
and diquark propagators. Although the exact locations
of these poles are known (from the solutions of the corre-
sponding meson/diquark BSEs), it remains a highly non-
trivial problem to perform the integrations numerically.
To avoid this problem we determine the eigenvalue curve
λ(M2) in the singularity-free region M < 2m, where m
is the mass of the lightest meson/diquark ingredient and
M is the four-quark bound state mass. We then extrapo-
late the resulting curve further into the time-like momen-
tum domain using rational functions. This procedure has
been tested extensively for cases where one can actually
do the calculation and turned out to be very stable for
states with small masses such as the σ meson studied in
this work.
B. Into the complex P 2 plane
A quantitatively reliable procedure to extend the cal-
culation of λ(P 2) beyond the limitations caused by sin-
gularities in the complex momentum plane has been dis-
cussed in Ref. [24]. There, the analytic structure of the
complex P 2 plane has been explored for the example of
the ρ meson, which has a relatively small width and is
therefore well suited for a first exploration. The exten-
sion of these ideas to the four-quark BSE (or even to the
coupled system of qq¯qq¯− qq¯ components) is not straight-
forward and requires more conceptual work. For the pur-
pose of this exploratory work we therefore restrict our-
selves to the qq¯ component of the scalar meson and its
associated BSE. The drawback of this restriction is that
we cannot hope for quantitative results. As will become
clear in section IV A, the physical state is dominated
by its four-quark components and any restriction to the
two-quark components alone will not lead to masses that
should be compared with experiment. On the other hand,
the technically much simpler BSE for the qq¯ component
allows us to directly study the generation of widths in
a different channel than the previously studied ρ meson
with the potential to test the method further into the
complex P 2 region of the second Riemann sheet. As will
FIG. 3. The BSE for the qq¯ component of the scalar meson.
Here, the pion decay term arises not from the coupling to the
four-quark equation but from contributions beyond rainbow-
ladder.
become clear in section IV B, this is indeed the case and
leads to qualitative insights.
We begin by a short description of the BSE for the qq¯
component of the scalar meson that we study. Its diagra-
matical representation is shown in Fig. 3. In addition to
the term with effective one-gluon exchange, which arises
from the rainbow-ladder construction associated with the
kernel Eq. (16), we take into account a two-pion contribu-
tion that stems from corrections beyond rainbow-ladder.
Its origin is elucidated in detail in Refs. [24, 36–38]. Note
that this term is different from the corresponding one
shown in Fig. 2 arising from the mixing with the four-
body equation: whereas here the two-pion kernel cou-
ples directly to the q¯q amplitude, in the latter approach
it couples to the four-quark amplitude. However, both
terms share a crucial property: they contain two pions
in the s-channel, which may go on-shell for certain loop
momenta. As a consequence, we expect that both the
mixed approach Fig. 2 and the qq¯ approach via Fig. 3
lead to a similar structure in their respective complex
plane of total momenta, namely a cut at real timelike
momenta starting from 2mpi and a resonance state in the
second Riemann sheet. Whereas in the mixed approach
we can not (yet) trace that resonance and can only ex-
trapolate onto its real part (see the results of section
IV A), in the two-quark approach we have this possibil-
ity (with results discussed in section IV B). Due to the
similarities in structure of both approaches we therefore
expect qualitatively meaningful results from the qq¯ ap-
proach that will carry over to the four-quark approach
and can be used as guidance for future work.
We proceed by a description of the tools necessary to
identify the decay width from the BSE of Fig. 3. The
two-pion diagram is given by
Γ(P, p) = (. . . ) + CpipiFpipi
∫
l
[Γ1(l+, 2p− l−)S(p− l)
× Γ¯2(−l−, 2p− l+)
]
D(l+)D(l−)
×
∫
q
[
Γ¯1(−l+, 2q − l−)S(q+)
× Γ(P, q)S(q−)Γ2(l−, 2q − l+)S(q − l)] (17)
with flavor and color projections already performed and
the ellipsis denotes the rainbow-ladder diagram. We use
the abbreviations
∫
l
=
∫
d4l
(2pi)4 , l± = l±P/2, q± = q±P/2
6-0.04 0.04
Re(l2)
-0.04
0.04
Im(l2)
FIG. 4. We show the two-pion branch cut (red solid line) and
two possible paths (dashed) avoiding the cut in the complex
l2 plane.
FIG. 5. Eigenvalue curves λ((M + iΓ/2)2) of the BSE for the
ρ meson in the first Riemann sheet. On top is the surface
for the real part of λ, below the one for the imaginary part,
where a branch cut opens at the two-pion threshold.
and S denotes the quark propagator whereas D stands
for the pion propagator,
D(p) =
(
p2 +m2pi
)−1
.
In order for both integrations over q and l to avoid the
pole locations of the pion propagators we need to ana-
lytically deform their integration paths into the complex
l2 and q2 planes respectively. After angular integration
these poles generate a branch cut that is shown in the
l2 plane in Fig. 4 together with two possible choices of
paths around the cuts. We have tested both choices and
found them numerically equivalent.
With this path deformation we are now in a position
to determine the eigenvalue curve λ(P 2) on the first Rie-
mann sheet. Using the notation P 2 = (M + iΓ/2)2, we
display the corresponding result for the ρ meson deter-
mined in Ref. [24] in Fig. 5. One clearly observes the
branch cut opening at the two-pion threshold in the imag-
inary part of λ (lower plane).
Unfortunately, from numerical solutions of the BSE we
cannot go beyond the branch cut and enter the second
Riemann sheet. Instead, this is done using a method
of analytic continuation based on work by Thiele and
Schlessinger and employed recently in a number of pub-
lications, see e.g. [39–42], where details on the method
can be found. In short, it amounts to using interpolating
rational functions R(x) = P (x)/Q(x) of degree N to N
selected points of the function in question, thereby al-
lowing for an analytical continuation beyond the region
where the N points have been taken from. One of the
problems that one encounters with this method is the
appearance of ‘fake’ singularities due to imprecise can-
cellations in P (x) and Q(x). Since the location of these
fake singularities and in addition also the corresponding
residues (which are typically small) depend heavily on the
selection of points used in the fitting procedure, they can
be identified and eliminated by performing the procedure
many times with random selections of points in a given
region. What remains are potential ‘true’ singularities.
The variation of the location of these stable singularities
within the series of fitting procedures is quite stable and
allows for a statistical error estimate. We will discuss this
further in the context of our results presented in section
IV B.
IV. RESULTS
A. The qq¯qq¯ − qq¯ mixing
Let us first come back to the mixed system of four- and
two-quark states, Fig. 2. We have performed calculations
for a JPC = 0++ state consisting of light u and d quarks.
As internal substructures of the four-quark state we take
into account two pions for the mesonic component and
two scalar diquarks for the diquark component. Thus in
total, our wave function contains three components. In
the practical calculation we can switch these on and off,
such that we are able to gauge the impact of each indi-
vidual component. In Ref. [1] it has already been noted
that the diquark component plays only a negligible role
as compared to the two-pion contribution. Here we need
to study whether this is still the case once the mixing
with the q¯q state is taken into account.
Our results for the corresponding eigenvalue curves are
displayed in the two diagrams of Fig. 6. We first repro-
duced the results of Ref. [1]: the eigenvalue curves for
the two-pion contribution (green x) and the ‘two-pion
plus diquark’ case (violet cross) are on top of each other.
This result changes slightly in the full calculation using
all three components, as can be seen by comparing the
curves with two-pion plus q¯q (orange boxes) with the full
result (black circles). As can be seen in particular in the
magnified diagram on the right, the two curves are no
longer identical but small changes are indeed induced by
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in pure Rainbow-Ladder truncation without making use
of a potential tetraquark component at all. We find such
a state at M ≈ 680 MeV. Through the T -matrix exten-
sion given in Eq. (11) we find the respective ground state
masses of the mixed state, which we compare to the ‘only-
tetraquark’ and ‘only-two-quark’ states in Tab. 3. The
respective eigenvalue curves are given in Figs. 4 and 5.
IV. DISCUSSION
We conclude that tetraquark components are basi-
cally responsible for the low mass of the σ/f0(500), but
the fact that the mixed eigenvalue curve originates from
the qq¯ one suggests that there may be a non-negligible
quarkonium component in there. The pure qq¯ state
mass is lying significantly higher than the mass we ex-
pect from experiment and lower than predictions from
non-relativistic QCD, where the isoscalar 0++ qq¯ state
should be heavier than the ω meson due to the necessary
orbital angular momentum via P = (−1)L+1. [source]
That the tetraquark components are responsible for the
low mass also seems reasonable by keeping in mind that
tetraquarks are an explanation for the ‘inverse’ mass or-
dering we find in the light scalar meson spectrum [Heu15].
Technically, we rely on extrapolations at this point to
continue the eigenvalue curves to points where we could
not evaluate them. For an investigation of the state as
a resonance, calculations in the complex plane have to
be performed, e.g. by using a path deformation for the
radial integral to avoid hitting the pion poles, which pre-
vent us from evaluating the eigenvalue curve on the real
axis further than we did in until now.
There is a remark to be done about the validity of
our approach, especially Eq. (11). Effectively, as men-
tioned before, the extension of the T -matrix and the cor-
responding sub-amplitude (13) is nothing but the inclu-
sion of other possible basis elements, but includes the full
two-quark-meson vertex having quantum numbers 0++,
and the occurrence of the two-body amplitude in Eq.
(13) strengthens the fact that there is an explicit mixing
between the two-body BSA and the four-body BSA. A
conclusion of a study from the early 90s [YKF93] may
give an evidence that these BSAs do not mix with each
other at all. However, these studies were done based on
a scalar φ4 theory and it is yet unknown how, and if, for
which extend, the results are applicable to a theory with
fermions and a condensed vacuum such as QCD.
The main assumption, which makes our approach phe-
nomenological in some sense, is mentioned in Sect. I C,
namely that we suppose that the two different basis el-
ements coming into play by combining the two-quark
bound state amplitude along with the inverse quark prop-
agator in Eq. (13) share one dressing function (⇔ effec-
tively appear as one basis element). Strictly speaking,
it would have to be confirmed by solving the four-body
BSE with a larger, more generic set of basis elements and
the associated extraction of the ones we combined within
our approach.
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FIG. 6. The igenvalue rves λ(P 2) for different com i ations of mixing ingredients. Bound states/resonances occur at
P 2 = −M2. Shown are results of calculations with different active components in the Bethe-Salpeter wave functions, see main
text for details. The diagram on the right shows the same results as the diagram on the left but with the red area magnified.
the diquark component. In terms of the (extrapolated)
real p rts f the masses of he resonanc , this becomes ev-
ident in Table I. Whereas the masses are identical (within
error) in the two setups with four-quark contributions
only, M = 416(26) MeV, there are small corrections of
the order of 3 percent once the mixing with the quarko-
nium component is taken into account: M = 472±22 vs.
M = 456± 24 MeV.
It is also interesting to note that the eigenvalue curve
of the full system follows the corresponding one for the
quarkonium system (blue stars) for spacelike values of
P 2 = −M2 and only deviates shortly before we cannot
follow the curve any more. By comparison with the curve
without quarkonium (violet crosses), it seems clear that
this is the region where the two-pion component becomes
important and begins to dominate the curve. This ties in
with fact that this is precisely the region where the pion
poles enter the integration region of the system of BSEs.
By comparing the results of the extrapolation (456± 24
vs. 416± 26) we find that although the quarkonium con-
tribution is subdominant, it shifts the resulting mass of
the resonance by almost ten percent, which is quantita-
tively non-negligible.
Nevertheless, the main conclusion of Ref. [1] remains
intact and is in fact reaffirmed: the physical state is dom-
inated by pipi components. Thus it must have a large
decay width into two pions. Furthermore, its mass
M0++ = 456 ± 24 MeV (18)
is in the right ballpark to make the identification with
the f0(500) extracted from pion scattering experiments
using dispersion theory at M = (449+22−16) − i (275 ± 12)
MeV [2] very plausible.
It is interesting to compare the results for the first ra-
dial excitation in ll setups considered so far, given in the
third column of table I. In all combinations we do find
a first radial excitation close to or even above one GeV.
Most results have large error bars due to the considerable
distance of extrapolation involved from th region where
we are able t d termine the eigenvalues to the region
where they cross λ = 1. This together with the fact that
all excited states are close together makes a more detailed
analysis in a alogy to the one discussed above impossible.
Most importantly, we cannot say whether any component
dominates the first excited state of the full coupled sys-
tem of BSEs. Nevertheless it is interesting to speculate
what could happen if we augmented the rainbow-ladder
two-body kernel K(2) with corrections beyond rainbow-
ladder. It is well known from BSE calculati ns of the q¯q
system that the pion, protected by chiral symmetry, does
not receive any corrections beyond rainbow-ladder. Thus
our ground state, dominated by pipi, will not change. The
excited state, however, may very well be dominated by
its scalar q¯q components. As discussed in the introduc-
tion, the pure q¯q state receives large additive corrections
beyond rainbow-ladder of the order of 400 MeV [21–23].
[MeV] ground state mass first excitation
pipi 416± 26 970± 130
pipi + 0+0+ 416± 26 970± 130
qq¯ 667± 2 1036± 8
pipi + qq¯ 472± 22 1080± 280
pipi + 0+0+ + qq¯ 456± 24 1110± 110
TABLE I. The masses of different setups isolating and mixing
four-quark components and quarkonia from and with each
other. The error estimates stem from variations of the urve
extrapolations using different rational functions.
8FIG. 7. Location of the complex masses of the ρ (left diagram) and the σ meson (right diagram). Both plots show the Γ < 0
half plane of the second Riemann sheet on the left and the Γ > 0 half plane in the first Riemann sheet on the right. Boxes on
the right of each plot stand for data calculated from the BSE on the first Riemann sheet for Γ > 0, circles on the left are the
results obtained from analytic continuation to the second Riemann sheet for Γ < 0.
Provided these also appear in the coupled system, our
first radial excitation thus may end up in the region of
1400 MeV. Thus the identification of our first radial ex-
citation with the physical state f0(1370) seems plausible.
B. The decay width of the scalar
As discussed in section III B, we are not yet in a posi-
tion to extract a width from the coupled system of equa-
tions Fig. 2 but need to resort the simpler q¯q BSE for the
scalar state displayed in Fig. 3. Our results for the reso-
nance location from this scalar-meson BSE are shown in
the right diagram of Fig. 7, whereas in the left diagram we
give corresponding results for the vector meson for com-
parison. The boxes mark the regions where data for the
analytic continuation were taken from, which generate
as output the corresponding locations of the resonance
singularities marked by the ellipses.
Let us first concentrate on the left diagram. We clearly
see that the error is very large when data are taken from
region 1 below the two-pion threshold (indicated by the
dotted line). This large error bar makes it virtually im-
possible to obtain even qualitative results from the an-
alytic continuation in this case. This is the reason why
we cannot apply the analytic continuation procedure to
the coupled system of two- and four-quark contributions
discussed in the previous section, since for that system
we only have data available below the threshold. For the
two-quark approach of section III B, however, this is pos-
sible due to the path deformation described above. We
are then able to access the regions 2 and 3, which lead to
the very small ellipses shown in the plot. Our results,
Mρ = 638(2) MeV , Γρ = 108(4) MeV ,
are in good agreement with the one obtained in [24] using
similar methods. Compared to the experimental values,
our mass is too small by about 130 MeV and the width
by about 40 MeV. This does not come completely as a
surprise since it is known that beyond rainbow-ladder
corrections due to the gluon self-interactions add signif-
icantly to the mass of the vector [22]. Whether further
corrections are also able to account for the missing width
remains to be studied in the future.
The width extracted for the scalar σ meson is displayed
in the right diagram of Fig. 7. Again, the shaded region
on the right is the selected region where we calculate
data from the BSE on the first Riemann sheet. Ellipses
on the left stand for the results in the second sheet ob-
tained from our analytic continuation procedure, where
errors are proportional to the size of the ellipses. Com-
paring with the vector case, we observe a significantly
larger width. Correspondingly, the errors are also larger.
This is to be expected, since the extrapolation needs to
probe further into the second Riemann sheet. The results
are fairly stable with respect to different choices of input
regions, however regions below threshold do not work
well at all, similar to the vector case. The final result
is obtained by performing 30 runs, each one with a fixed
number of input points within the region M ∈ [0.45, 0.68]
GeV and Γ ∈ [0.1, 0.2] GeV. We do this 10 times and ob-
tain a σ mass and an error in the form of a standard
deviation each time. We then take the average of the
ten resulting σ masses and calculate the final error using
standard error propagation. We obtain:
Mσ = 587(12) MeV, Γσ = 186(24) MeV.
It is interesting to compare our results against the cal-
culations from pipi scattering in rainbow-ladder from [20].
The (real part of the) masses are (almost) identical to our
9results. Furthermore, a width was calculated in [20, 43]
in the impulse approximation, i.e. using pure rainbow-
ladder Bethe-Salpeter amplitudes inside triangle decay
diagrams. The resulting widths are similar to the ones
we extracted from the second Riemann sheet.
As already discussed above, our result is rather qual-
itative than quantitative. The real part of the mass is
too large, while the width is too small by more than a
factor of two. Of course, these two findings may very well
be related to each other and we therefore may hope that
solving the full coupled system of equations, Fig. 2, in
the complex P 2 plane may yield much more quantitative
results for the width. Since the numerical effort involved
is considerable, this is left for future work.
V. SUMMARY
In this work we have addressed the mass and the width
of the lowest-lying scalar meson in a framework that uses
functional methods, i.e. the Dyson-Schwinger and Bethe-
Salpeter equations of QCD. We have solved a coupled sys-
tem of BSEs that combines contributions from four-quark
components (in the form of pipi and diquark-antidiquark
amplitudes) and quark-antiquark components. We em-
phasize that this counting of components is not a count-
ing with respect to Fock states, but that both the four-
quark and two-quark contributions each summarize con-
tributions from infinitely many quarks, antiquarks and
gluons. What distinguishes the four- and two-quark con-
tributions instead is the associated valence-quark con-
tent needed to build the quantum numbers of the scalar.
Our results confirm previous findings from Ref. [1]. The
physical state is dominated by the pipi component and
the diquark-antidiquark component is almost negligible.
Subleading contributions of the order of ten percent of
the total mass stem from the quark-antiquark compo-
nent of the Bethe-Salpeter wave function. This finding
explains the small mass of the state, since it is dominated
by pseudo-Goldstone bosons, and its large decay width
into two pions. We have confirmed the latter property (in
a simplified system) explicitly by analytically continuing
to the second Riemann sheet and determining the asso-
ciated singularity in the complex energy plane. Our re-
sults thus suggest an identification with the experimental
σ meson, the f0(500). Moreover, we found a first radial
excitation in the coupled system of BSEs which may be
identified with the f0(1370), although with much larger
uncertainty than is the case for the σ meson.
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